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FUNCTION AND CONVOLUTION INTEGRAL 

Arthur S. Rood 

November 23, 2004 

Introduction 

Numeric models of groundwater flow and transport can be time consuming and resource-intensive 

to run even on modern computing systems. This is especially true if many contaminant sources and 

multiple contaminants are simulated. A method is proposed to reduce the computational requirements for 

simulation of multiple contaminants and multiple contaminant sources in an aquifer system. This 

approach is based on the response function discussion in Gorelick (1983). It uses the convolution integral 

coupled with source-receptor response functions and contaminant fluxes to the aquifer to estimate 

groundwater concentrations at selected receptor locations in the groundwater modeling domain. The 

approach retains most of the complexity of the flow and transport modeling performed using numerical 

models, although some simplifying assumptions are necessary. 

Methodology 

Consider the model domain illustrated in Figure 1. Within the domain there are three sources and 

within each source there are multiple contaminants. Each source has a “footprint” where contaminants 

from the vadose zone enter the aquifer. Within the model domain there are eight receptor locations. These 

locations can represent existing wells, future wells, and points of interest in the aquifer. For example, 

receptor number 1, 2, and 3 may not represent actual wells, but points in the aquifer where the maximum 

contaminant concentration in groundwater from an individual source is achieved.  
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Figure 1. Hypothetical aquifer domain for demonstration of the convolution 

integral. The systems has three contaminant sources and eight receptor 

locations.

The breakthrough curve at each receptor to a unit mass input from each source is the response 

function. The response functions for each of the three sources at the eight receptor locations are illustrated 

in Figure 2. Note that for Source 3, only three receptors are shown because the remaining receptors lie up 

gradient from Source 3 and are therefore unaffected by releases from the source. The response function is 

determined using the groundwater flow and transport model and represents the concentration in the 

aquifer as a function of time for a conservative, non-decaying, non-sorbing tracer of unit mass released to 

the aquifer over the source footprint at time zero.  
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Figure 2. Response function for each receptor-source pair. 

The contaminant loading rates to the aquifer from each source are illustrated in Figure 3. These 

graphs represent the contaminant flux to the aquifer as a function of time for a single contaminant. 

However, multiple contaminants with varying sorption and decay properties can also simulated by 

developing source loading rates for each contaminant.  
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Figure 3. Source loading rates for each of the three sources. 

The contaminant concentration in the aquifer at a given receptor location then represents the 

convolution of the source loading rates and the response function. That is, the source loading rates can be 

represented by a series of individual pulses that when summed together, form a continuous function. The 

contaminant concentration is then given by 

dStRFtC
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where

Ci,j(t)  = aquifer concentration of a contaminant at time t for source i and receptor j (M L–3)

RFi,j(t- )  = response function for source i and receptor j at time t –  (L–3)

Si( )   = source loading rate for source i at time  (M T–1)

Equation (1) is valid for a non-decaying, non-sorbing contaminant. The quantity t –  is the “age” 

of the pulse. To account for the different decay and sorptive properties of a contaminant, several 

simplifying assumptions are made: 

Sorption is uniform throughout the aquifer  

Decay is constant throughout the aquifer 

Parent and progeny travel at the same rate in the aquifer 

The aquifer concentration for a decaying and sorbing contaminant that may generate decay 

products in transit is given by 
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where

Ci,j,k(t) = aquifer concentration of contaminant k at time t for source i and receptor j (M L–3)

RFi,j(t- )  = response function for source i and receptor j at time t –  (L–3)

Si,k( )  = source loading rate for contaminant k and source i at time  (M T–1)

Rdk = the retardation factor for contaminant k (unitless)

DIFk  = decay-ingrowth factor for contaminant k at time t –  (unitless) 

The decay-ingrowth factor is the activity of decay product k present at time t –  relative to the original 

parent activity released at time  . For a single decay species with no progeny, the decay ingrowth factor 

is simply exp[– (t – )]. For a decay product other than the parent, the decay-ingrowth factor is given by 
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where

1 = decay constant for the parent (T–1)

k = decay constant for the kth progeny (T–1)

t = age of pulse (T). 

The total contaminant concentration from all sources is evaluated by superposition of each source-

receptor pair. That is, the contaminant concentration at a given receptor location from multiple sources is 

the sum of the concentration from each individual source.  

n
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where n is the number of sources considered in the model domain.  

Figure 4 illustrates the results of the aquifer domain illustrated in Figures 1–3 for a conservative 

non-decaying and non-sorbing contaminant. The GWSCREEN code (Rood 1999) was used to calculate 

the response functions and source loading rates. The GWSCREEN model combines a source release 

model, a one-dimensional unsaturated transport model, and a three-dimensional aquifer transport model 

assuming unidirectional flow in a homogeneous and isotropic aquifer of infinite lateral extent and finite 

thickness. The GWSCREEN model also uses the convolution integral to compute groundwater 

concentrations from an arbitrary source loading rate. The response function in GWSCREEN is calculated 

using an analytical solution to the advection dispersion equation for the aforementioned boundary 

conditions. The response function used in this demonstration employed the same analytical solution but 

was represented by a series of tabulated values. These tabulated values were read into a FORTRAN 

program and stored in an array. Linear interpolation was then used to derive the response function value 

at any point in time.  
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Source loading rates were also calculated using GWSCREEN, stored as tabulated values, and 

linearly interpolated. The GWSCREEN model was used for demonstration of the methodology, but any 

model, or combination of models could be used in actual practice. The graph for Source 1 includes a 

comparison to the “exact solution” as determined by GWSCREEN.  

Figure 5 shows a comparison of concentrations at selected receptor locations for Source 1 and a 

contaminant having an retardation factor of 2. This figure can be compared to the graph for Source 1 in 

Figure 4 that represents a contaminant with a retardation factor of 1. The source loading rates were the 

same for both simulations, but a retardation factor of 2 in the aquifer was used in Figure 5. The solution 

using GWSCREEN is also shown for comparison. Qualitatively, there is very little difference between the 

“exact” solution determined with GWSCREEN and the response function approach discussed here.  

In summary, the response function method discussed here is a viable method incorporate a 

relatively complex groundwater flow and transport model into an assessment framework that considers 

arbitrary source loading rates for numerous sources and contaminants. 
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Figure 4. Contaminant concentration as a function of time at each of receptor location for all 

individual sources and total as determined by Equation 4. 
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Figure 5. Contaminant concentration as a function of time for Source 1 and a contaminant having 

a retardation coefficient of 2. Compare with the graph for Source 1 in Figure 4. 
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